Infinite-dimensional Galilean conformal algebras can be constructed by contracting pairs of symmetry algebras in conformal field theory, such as W -algebras. Known examples include contractions of pairs of the Virasoro algebra, its N = 1 superconformal extension, or the W 3 algebra. Here, we introduce a contraction prescription of the corresponding operator-product algebras, or equivalently, a prescription for contracting tensor products of vertex algebras. With this, we work out the Galilean conformal algebras arising from contractions of N = 2 and N = 4 superconformal algebras as well as of the W -algebras W (2, 4), W (2, 6), W 4 , and W 5 . The latter results provide evidence for the existence of a whole new class of W -algebras which we call Galilean W -algebras. We also apply the contraction prescription to affine Lie algebras and find that the ensuing Galilean affine algebras admit a Sugawara construction. The corresponding central charge is level-independent and given by twice the dimension of the underlying finite-dimensional Lie algebra. Finally, applications of our results to the characterisation of structure constants in W -algebras are proposed.
Contents

Introduction
The earliest example of a (nonlinear) W -algebra is Zamolodchikov's W 3 algebra [1] . It arose in a study of additional symmetries in two-dimensional conformal field theories [2] , and is generated by the Virasoro generator and a primary field of conformal weight 3. The construction introduced a new type of extended conformal symmetry, and gave hope to classify rational conformal field theories with arbitrary central charge [3, 4] . The W 3 algebra was subsequently studied extensively and a myriad of generalisations were proposed, see [5] [6] [7] [8] and references therein.
This flurry of activity took place primarily in the physics literature but lasted only a little more than a decade. The field has witnessed a resurgence of interest in recent years, however, due to significant progress in the mathematical understanding and description of W -algebras, see [9] [10] [11] and references therein, and to new applications in physics.
Most of the recent developments in physics have taken place in the context of Vasiliev's higher-spin theory [12, 13] , see also [14, 15] . In particular, it has been conjectured [16] that the three-dimensional O(N ) vector model at its critical points is dual to a Vasiliev theory on AdS 4 . It has also been argued [17] [18] [19] [20] that the asymptotic algebra of higher-spin gravity on AdS 3 exhibits a W -symmetry. By essentially morphing these ideas and observations, it was subsequently conjectured [21] that a particular Vasiliev theory on AdS 3 is dual to the W N minimal models [22] at large N . Studies of this conjecture have led to significant advances in the understanding of W N algebras, their representation theory and their large-N limit.
There has also been a renewed interest [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] in the infinite-dimensional symmetry algebras of asymptotically flat spacetimes at null infinity [38, 39] , known as BMS algebras. In 2 + 1 dimensions, this algebra is occasionally denoted by BMS 3 and is an extension of the Virasoro algebra by an additional spin-2 generator. Here, we shall refer to this algebra as the Galilean Virasoro algebra. Further extensions of the BMS and Galilean Virasoro algebras have also been considered. In particular, supersymmetric extensions already appeared in [40, 41] and have been discussed more recently in [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . Also related to higher-spin theories, the Galilean Virasoro algebra has been extended by adding two spin-3 generators, resulting in a higher-spin BMS 3 algebra or a Galilean W 3 algebra [57] [58] [59] . Other W -algebraic extensions have also been considered [60] .
The Galilean Virasoro (or conformal) algebra can be obtained [24-26, 29, 61] as an Inönü-Wigner contraction [62] [63] [64] [65] of a commuting pair of Virasoro algebras. Likewise, the Galilean W 3 algebra follows [57, 58] by contracting a pair of W 3 algebras. In these constructions, the contractions are performed in terms of the modes generating the infinite-dimensional Virasoro and W 3 algebras. However, in conformal field theory, it is often more convenient to work with the corresponding operator-product algebras (OPAs) given in terms of operator-product expansions [2, 66, 67] .
Here, we thus develop a general contraction prescription, which we call Galilean contraction, of the tensor product of two copies of the same OPA; they are only allowed to differ in the values of their central charges. This offers a systematic approach to the construction of infinite-dimensional Galilean algebras. It also allows us to derive conditions necessary for the existence of such a Galilean algebra and to determine properties of the ensuing algebras. As the notions of OPAs and vertex algebras [68] are intimately related, the approach and results apply to tensor products of vertex algebras as well. The concrete computations and analyses of the operator-product expansions underlying the construction are conveniently performed using the Mathematica [69] package developed in [70, 71] .
The layout of the present paper is as follows. In Section 2, we review the notion of an OPA, with emphasis on the role and structure of quasi-primary fields. Some details not readily available in the literature are included. We introduce star products as an economical way to encode the information stored in an operator-product expansion, and discuss the OPA pendant to the tensor product of vertex algebras.
In Section 3, we introduce the Galilean contraction prescription of tensor products of pairs of OPAs and outline some general properties of the ensuing Galilean OPAs. With this, we reproduce the known Galilean conformal and N = 1 superconformal algebras (see Section 3.2 for comments on alternative superconformal extensions). We also identify a class of OPAs, called simply-extended OPAs, whose Galilean counterparts are readily obtained.
In Section 4, we consider various superconformal extensions of the Galilean Virasoro algebra and demonstrate compatibility between Galilean contractions and certain other operations on OPAs, such as topological twisting and a variety of known Inönü-Wigner contractions. Affine Lie algebras are examples of simply-extended OPAs and give rise to Galilean affine Lie algebras. Their contractions are shown to be compatible with the Sugawara construction, yielding a realisation of the Galilean Virasoro algebra with central charge given by twice the dimension of the underlying finite-dimensional Lie algebra.
In Section 5, we explore the properties of an OPA necessary for the Galilean contraction prescription to be well-defined. Several general conditions on the structure constants are identified, and the corresponding structure constants of the ensuing Galilean OPA are determined.
In Section 6, we apply the Galilean contraction prescription to the W -algebras W 3 , W (2, 4), W (2, 6), W 4 , W 5 , and the infinitely generated W -algebra W ∞ and some of its extensions. Details of the W -algebras W (2, 6), W 4 and W 5 are reviewed in Appendix A, and their Galilean counterparts are given in Appendix B. In preparation for the derivation of these new Galilean W -algebras, we discuss the vacuum module of the Galilean Virasoro algebra and work out a number of quasi-primary fields involving the Galilean Virasoro generators and a primary field.
Section 7 contains some concluding remarks.
Operator-product algebras
We are interested in symmetry algebras in conformal field theory, such as infinite-dimensional Lie algebras and W -algebras. For convenience, we combine the algebra generators A µ n into generating fields,
where µ labels the set of fields, and where ∆ A is the conformal weight of A. Accordingly, instead of commutator algebras, we thus work with the corresponding operator-product algebras (OPAs) formed by the fields. As already indicated in (2.1), we shall assume that an OPA is generated by a set of scaling fields, see (2.16) , and that their conformal weights are (half-)integer:
As we recall below, the Virasoro field algebra is such an example; it is generated by the single field T of conformal weight ∆ T = 2. We shall admit both even (or bosonic) and odd (or fermionic) fields.
Operator-product expansions
The operator-product expansion (OPE) of the two fields A and B of conformal weights ∆ A and ∆ B , respectively, can be written as
Here, ∆ A,B is some integer satisfying 0 ≤ ∆ A,B ≤ ∆ A +∆ B , while [AB] n are fields of conformal weights
As we shall assume that the identity field I is the only symmetry generator of conformal weight 0, the OPE (2.3) can be re-expressed as
for some f A,B ∈ C. Since the identity field I is of even parity, the conservation of parity in an OPE implies that f A,B = 0 if A and B have different parities. Adopting a widespread tradition in conformal field theory, we will usually not indicate the identity field explicitly in an OPE like (2.5). The singular part of the OPE (2.3) is referred to as the corresponding contraction and is usually denoted by 6) whereas the nonsingular part is given by the normal-ordered product
Because the contraction encapsulates all the nontrivial information about the OPE, one often writes 8) simply ignoring the nonsingular part of the OPE. In particular, the commutator relations for the modes of the fields A and B are determined by the contraction (2.6) alone. As we will use the term "contraction" in more than one context, we shall refer to (2.6) as an OPE contraction.
If the OPEs of a set of fields closes on itself in a 'sufficiently nice' way, the result is an OPA. Largely following [71] , this will be qualified in Section 2.2.
Algebraic structure
An OPA A is a Z 2 -graded vector space with a distinguished vector (or element) I and an even linear map ∂ : A → A. Moreover, A is equipped with a bilinear operation (or product) for every integer 9) where, for any pair A, B ∈ A, [AB] n = 0 for n sufficiently large. These data satisfy the following conditions. First, I is the identity in the sense that
Second, the map ∂ is a derivation and thus follows the Leibniz rule 1
Third, with |A| denoting the parity of A, commutativity of A reads
Fourth, associativity of A amounts to the relations
Finally, A may depend on a set of complex parameters, here referred to as central parameters. We will denote such parameters by c i , where i is in some index set I A . One may regard A as being defined only once values for the central parameters have been fixed. In that case, two distinct sets of values for the central parameters define inequivalent OPAs. Here, however, we find it convenient to leave the central parameters undetermined and thus let A depend on them.
The normal ordering, indicated by (AB), of A, B ∈ A is defined by 14) in accordance with (2.7). Normal ordering of three or more fields is performed iteratively, right-nesting the normal-ordered parts such that
In general, a field [AB] n is a linear combination of normal-ordered expressions of fields and derivatives thereof.
In this work, the distinction between composite and non-composite fields will play a crucial role. We thus say that a field C is a composite field if it is equal to [AB] 0 for some A, B = I, except if A = B (both) odd. Accordingly, non-composite fields are fields which cannot be written in a way involving normal ordering without the use of the identity field or a pair of identical odd fields.
A set of fields is a set of generators of A if every element of A can be written as a linear combination of normal-ordered products of the generators (including I) and their derivatives. A generating set of fields consists of elementary fields only, if no field in the set can be constructed in terms of the other generators by taking linear combinations, computing derivatives or forming normal-ordered products.
An OPA is conformal if it contains a field T generating the Virasoro (field) algebra, see (3.13) . A field in a conformal OPA is a scaling field with respect to T if
Such a scaling field is called quasi-primary if 17) and
We denote by Q A the vector space of quasi-primary fields in the conformal OPA A. We will in general assume that a conformal OPA is generated by a set of quasi-primary fields, except for the topologically twisted N = 2 superconformal algebra in Section 4.1. In fact, all the other conformal OPAs we consider explicitly are generated by a set of primary fields in addition to T . A scaling field A of conformal weight ∆ A as in (2.2) admits the mode expansion 19) as in (2.1). It is standard to denote the modes of the Virasoro generator by L n such that
Quasi-primary field basis
For a general OPA A, we denote the set of quasi-primary fields by
where B A is a (formal) basis for Q A . In the case of a conformal OPA, one of these quasi-primary fields is the Virasoro field T , and in the case A = Vir, Q A is merely the linear span of the quasi-primary descendants of the identity (including the identity itself). As discussed in the following, with focus on Vir, a basis for the set of quasi-primary fields can be constructed using the state-field correspondence.
Although the results should be known to experts, some of the details do not seem to be readily available in the literature. The Virasoro Verma module V, with highest-weight vector |0 of conformal weight ∆ = 0, has a submodule generated from the singular vector L −1 |0 . The corresponding quotient module, M, is 22) and its conformal character is given by
Concretely, the character begins as
The set
consists of the quasi-primary vectors in M n , i.e. the vectors associated with quasi-primary fields under the state-field correspondence. With respect to (2.25), the vector space M n decomposes as
To see this, we first show that M n ⊆ M n + L −1 M n−1 . To this end, we let v ∈ M n and verify that
is solved by
We can thus write
The converse inclusion, M n ⊇ M n + L −1 M n−1 , is obvious, while the remaining condition, M n ∩ L −1 M n−1 = 0, follows by induction on n. Indeed, the induction assumption implies that
Since a k not all zero, it follows that
is injective (see [72] , for example), it follows that dim(
In particular,
In terms of fields, the decomposition (2.22) reads
where Vir n consists of the descendant fields of the identity of conformal weight n. The field version of the decomposition (2.26) then reads 36) where Q n ⊂ Q Vir denotes the set of quasi-primary fields of conformal weight n. This means, in particular, that a quasi-primary field cannot be written as a derivative of another field, as pointed out in [73] citing earlier observations by Nahm. Moreover, every normal-ordered product (corresponding to a vector v ∈ M n ) not equal to the derivative of a quasi-primary field (thus assuming that v / ∈ M n ) gives rise to a unique quasi-primary field (corresponding to a vector in M n ) by addition of some derivative of a quasi-primary field (corresponding to a vector in L −1 M n−1 ). For example, the normal-ordered product (T T ) gives rise to the well-known quasi-primary field
Conversely, the absence of a quasi-primary field of weight 5, for example, follows from 38) as these relations correspond to
Let B n denote a basis for Q n , where, by construction, dim Q n = dim M n . A Hamel basis, B Vir , for the infinite-dimensional vector space Vir can thus be obtained as
In our discussion of W -algebras in Section 6 and Appendix A, we will need explicit bases for B n , for n ≤ 10; for ease of reference, and to emphasise some key features, we discuss these bases here. First, of weight 6, we have the five normal-ordered products
Since dim M 6 = 4, these products are not linearly independent. Indeed,
respectively, thus only involves quasi-primary fields and their derivatives. This allows us to write
where C Q A,B and β
are structure constants. Associativity with the Virasoro generator T implies that 66) where the Pochhammer symbols (x) n are meant to reduce to 1 for n = 0. This means that we can encode the information stored in the OPE contraction (2.65) in the star relation 67) where the conformal tail
of Q clearly depends on the OPE contraction it appears in (here (2.65)). Subleading terms in conformal tails are thus suppressed in a star relation; this is indicated by the notation in (2.67). Note that a conformal tail of the identity I only contains one term, simply because all derivatives of I vanish. It is also noted that the star relation encapsulating the OPE contraction of T with a primary field A of conformal weight ∆ is given by T * A ∆{A}. is symmetric and the two OPE contractions do agree (up to signs, as in (2.70)). To illustrate, we consider the W -algebra W 5 (see Appendix A.3), where the star products of the two even weight-4 quasi-primary fields Λ 2,2 and U are given by
We can also use the structure constants to describe the quasi-primary fields constructed from the normal-ordered products of pairs of quasi-primary fields. For Q 1 , Q 2 ∈ Q A , we thus have that
where 
from which we obtain the quasi-primary field
Decomposing this in terms of the elements of the basis B 8 given in (2.49)-(2.51) yields
The expression in (2.72) can be generalised to involve more than two quasi-primary fields and to include derivatives of such fields, but a general discussion of such constructions of quasi-primary fields is beyond the scope of the present work.
Tensor products of OPAs
We recall that an OPA has a unique identity and that it is closed under the computation of derivatives and under the formation of linear combinations and normal-ordered products. Here, we wish to form the tensor product of two OPAs, requiring that it shares these properties. In fact, the following characterisation of such a tensor product matches the similar properties of the corresponding tensor product of vertex-operator algebras [75] . From the two OPAs A andĀ with identities I andĪ, respectively, the OPA A ⊗Ā is thus a Z 2 -graded vector space, where we set
As indicated, the identity of A ⊗Ā is simply written I. For A, B ∈ A andĀ,B ∈Ā, the n-products [AB] n and [ĀB] n are as in A andĀ, respectively. However, the n-product of A ∈ A andB ∈Ā is defined by
Additional relations follow from requiring that A ⊗Ā is a commutative and associative OPA. In particular, it follows that
By construction, for all A, B ∈ A, the OPE contraction of A(z) andB(w) in A ⊗Ā is zero:
That is, the corresponding full OPE is nonsingular and is simply given by
Moreover, for A, B, C ∈ A, we have 81) showing that A ⊗Ā is closed under OPE contractions. We refer to A ⊗Ā as the OPA tensor product of A andĀ. Because the mode algebra associated with A ⊗Ā only depends on the OPE contractions in A ⊗Ā, the mode algebra is a direct sum of the two mode algebras corresponding to A andĀ, respectively.
Galilean contractions
As discussed in the following, new OPAs can be constructed as contractions of given OPAs. This resembles the way a Lie algebra can arise as the result of an Inönü-Wigner contraction [62] [63] [64] [65] of another Lie algebra.
Contraction prescription and properties
Our focus is on contractions of OPAs of the form A ⊗Ā, including pairs of the Virasoro field algebra and its various extensions. In this work, the two algebras A andĀ are taken to be the same, up to their central parameters. In the case of two copies of the Virasoro algebra, for example, the central charges c andc may thus differ. In the following, a bar over a field A ∈ A is used to indicate that the ensuing fieldĀ is the 'same field' as A, butĀ ∈Ā. The companion to [AB] n ∈ A is given by
Now, let ∈ C. For each field A ∈ A and its companionĀ ∈Ā, we then introduce the linear combinations
For = 0, this yields an invertible map on the space of fields in A ⊗Ā, with inverse transformation given by
For = 0, on the other hand, the map is singular and gives rise to a new algebraic structure. The ensuing algebra is generated by the fields (3.2) of A ⊗Ā, as → 0. If the result is a well-defined OPA, we shall denote it by A G . Notationally, this is indicated by
We refer to such a construction as a Galilean contraction and A G as a Galilean algebra. It is stressed that A ⊗Ā and A G are in general non-isomorphic. Unsurprisingly, as indicated in Section 3.2, other contractions are also possible, but we shall focus on the "Galilean contraction" above. For A, B ∈ A, in A ⊗Ā, we have
where, following (3.2), we have introduced
It follows that OPE contractions in A G are symmetric under exchange of the sign-index of the generators. That is,
allowing us to omit detailing OPE contractions of the form A − (z)B + (w). Moreover,
is well-defined in the limit → 0 (which is required for A G to be well-defined), then
Although this analysis, based on (3.5)-(3.8), allowed us to deduce the properties (3.10) and (3.12) of A G , it is, in a sense, deceptively simple. Indeed, the field [AB] n ∈ A may contain composite fields, in which case the fields [AB] ± n, ∈ A ⊗Ā contain composite fields, but as elements of A G , we should be able to express the corresponding fields [AB] ± n in terms of normal-ordered products of non-composite fields (and their derivatives) in A G . This is a highly nontrivial task which will we will return to in Section 5.
Galilean conformal and superconformal algebras
The Virasoro (field) algebra A = Vir is generated by the field T whose OPE contraction with itself is
where c is the central charge (and where we have omitted the identity field I). The corresponding star relation is
The companion algebra Vir has central chargec and is generated similarly byT . We now apply the Galilean contraction prescription to Vir ⊗ Vir. We therefore introduce
whose star relations are worked out to be
It then follows that the star relations defining the Galilean conformal algebra Vir G are
In particular, T + is seen to generate a Virasoro subalgebra Vir with central charge c + . In terms of modes, where
the Galilean conformal algebra is defined by
Interest in this algebra has also been shown in the vertex-operator algebra literature, where it is referred to as W (2, 2) [76, 77] . The role of c − is discussed at the end of Section 3.3.
Superconformal extensions of the Virasoro algebra go back to [78, 79] . In particular, the N = 1 superconformal (field) algebra SVir of central charge c is generated by the Virasoro field T and its super-partner G, with star relations
The corresponding Galilean N = 1 SCA SVir G is generated by T ± and G ± , whose nontrivial star relations are given by
As in the case of the Galilean conformal algebra, the fields T + and G + are recognised as generating an N = 1 superconformal subalgebra of central charge c + . The Galilean N = 1 SCA (3.21) also appeared in [42, 43, 45] , for example. As it contains a pair of odd spin-3/2 fields, G ± , it can be interpreted as encoding an N = (1, 1) supersymmetry. However, it is not the only possible superconformal extension of the Galilean Virasoro algebra Vir G . Indeed, the 'asymmetric' algebra of [46, 47, 49, 55] contains only one odd spin-3/2 field and thus corresponds to an N = (1, 0) supersymmetry. As the 'symmetric' algebra above, it can be obtained [55] by an Inönü-Wigner contraction, but of the tensor product SVir ⊗ Vir. Another alternative is constructed [52] [53] [54] as a contraction of the symmetric product SVir ⊗ SVir, based on "inhomogeneous scaling".
Simply-extended algebras
The objective here is to characterise a family of algebras A for which the Galilean contraction A G of A ⊗Ā is readily determined. We say that an OPA A is simply-extended if (i) all fields of the form [AB] n , where A and B are elementary generators, are non-composite, (ii) no other OPE structure constants than the ones accompanying the identity field can depend on central parameters, and that (iii) this dependence is linear. For example, the Virasoro field algebra and its N = 1 superconformal extension are simply-extended. In fact, an OPA is simply-extended precisely if its mode algebra is an infinite-dimensional Lie (super)algebra. This suggests that we, alternatively, could refer to such OPAs as Lie algebraic or as being of Lie type. Now, assuming that A is simply-extended implies that the fields [AB] n in the OPE (2.5) are non-composite and independent of the central parameters, while the dependence of f A,B on the central parameters is linear. Furthermore, withĀ andB denoting theĀ-companions to the A-fields on the lefthand side of (2.5), we have that [ĀB] n is the companion [AB] n of [AB] n , see (3.1), while the structure constantsfĀ ,B and f A,B may differ. It follows that the OPEs in A G are of the form
where, in A ⊗Ā, we have used (3.9) and introduced
The fields A + ∈ A G thus generate a subalgebra isomorphic to A, but with the central parameters c i replaced by c + i , i ∈ I A . This generalises the similar observation for the Galilean conformal algebra Vir G in (3.17) and its N = 1 superconformal extension in (3.21) . However, this is in general not true for A non-simply-extended, as illustrated in Section 6.
Due to the linear dependence of f A,B on the central parameters, we can write
In A ⊗Ā, we thus have 25) In some cases, the fields A − ∈ A G can therefore be renormalised such that some or all of the parameters c − i do not appear in any OPE. For example, in the case of only one central parameter (here denoted simply by c) in A, we have
For c − = 0 in A G , we may thus rescale all fields A − ∈ A G different from I as 27) thereby obtaining the c − -independent OPEs
It follows that, for each value of the parameter c + , there are exactly two possible Galilean extensions of (the simply-extended OPA) A, namely the one for which c − = 0 and the one for which c − = 0. For example, the nontrivial star relations of the corresponding Galilean conformal algebras Vir G are thus given by
where δ ∈ {0, 1}.
Compatibility with other constructions
The Galilean contraction procedure may 'intertwine' a pair of maps of the form
Indeed, we are interested in scenarios where the composition diagram
(with Gal denoting a Galilean contraction) is commutative. Concrete examples include the situation where O encodes the topological twist of an N = 2 superconformal algebra (SCA) and the situation where O corresponds to an Inönü-Wigner contraction of an N = 4 SCA. These examples will be discussed in Section 4.1 and 4.2, respectively. Another example is provided by the (Galilean) Sugawara construction discussed in Section 4.3.
N = 2 SCA and topological twisting
The N = 2 SCA A of central charge c, whose mode algebra was introduced in [80] , is generated by a Virasoro field T , a pair of super-fields G a of conformal weight 3/2, with a ∈ {0, 1}, and a spin-one field J. It is a simply-extended OPA, so the corresponding Galilean algebra A G generated by T ± , G ± a and J ± is readily obtained. The nontrivial star relations are
As discussed in Section 3.3, the parameter c − is either zero or can be absorbed in a rescaling of the generators A − . The topologically twisted N = 2 SCA A top [81] is generated by
and the spin-one field J(z). The nontrivial star relations are
It follows that the twist has the effect of turning the two spin-3/2 superfields into a spin-one and a spin-two field with respect to the Virasoro generator T top . The spin-one field J, on the other hand, retains its conformal weight, but is in general not a primary field with respect to T top ; in fact, it is not even quasi-primary, but the use of {J} in the star relations still applies.
The topologically twisted N = 2 algebra A top also belongs to the family of simply-extended algebras. The nontrivial OPE contractions of the corresponding Galilean algebra
(4.5) In fact, applying the topological twist
to the Galilean N = 2 SCA (4.2) yields the same Galilean algebra (4.5) as the Galilean contraction of the topologically twisted N = 2 SCA. The diagram
Tw is thus commutative. With reference to the commutative diagram in the preamble to Section 4, the map O is the upper twist (indicated above by Tw) given in (4.3), while the map O G is the lower twist (likewise indicated by Tw) given in (4.6).
N = 4 SCAs and Inönü-Wigner contractions
The Galilean contraction procedure is not only compatible with the topological twisting discussed in Section 4.1; it is also compatible with certain Inönü-Wigner contractions [62] [63] [64] [65] . We illustrate this by considering N = 4 SCAs and refer to [82] for a more general discussion. The known N = 4 SCAs in two dimensions are characterised by their internal affine Lie algebra. The small N = 4 SCA [80, 83] is based on su (2); the large one [84] [85] [86] on su(2)⊕su(2)⊕u(1); the middle one [87, 88] 16, 16 and 16 , respectively. The non-reductive N = 4 SCA also contains an interesting N = 4 superconformal subalgebra whose affine Lie algebra is based on su(2) ⊕ u(1) ⊕ u(1) [90, 91] , while the total number of generating fields is 12.
For each value of the central charge, there is a one-parameter family of large N = 4 SCAs, usually labelled by a parameter γ. For fixed value of γ, the corresponding SCA is simply-extended, as are all the other N = 4 SCAs. Their Galilean contractions are therefore readily obtained, although not presented explicitly here. Details can be found in [82] .
The middle and non-reductive N = 4 SCAs can be obtained by Inönü-Wigner contractions of the large N = 4 SCA by letting γ approach a singular value in particular bases. As already indicated, in both cases, the resulting algebra is simply-extended. We have verified that the Inönü-Wigner contractions employed in their construction are compatible with the Galilean contractions, thereby establishing the commutativity of the diagram
IW
To be clear, for this to hold in the case where A is the large N = 4 SCA, the companion algebraĀ must be defined for the same value of γ.
Galilean affine algebras and the Sugawara construction
In this section, we introduce Galilean affine algebras g G as the Galilean extensions of affine current (super)algebras g. We then examine their compatibility with the Sugawara construction, analysing the commutativity of the diagram
where Sug refers to a Sugawara construction. An affine current (super)algebra g is generated by a set of fields {J a | a = 1, . . . , dim g}. With reference to the mode expansion
the set of zero modes {J a,0 | a = 1, . . . , dim g} thus generates the Lie (super)algebra g. The OPE contractions of the currents are given by
where f ab c are the structure constants and κ, with κ ab = κ(J a,0 , J b,0 ), the Killing form of g. The central parameter k is known as the level of g. Note that the standard Einstein summation convention, summing over appropriately repeated indices, has been employed.
As is evident from (4.8), the affine current (super)algebra is simply-extended. With the structure constants and Killing forms on g and its companion¯ g the same, the Galilean algebra g G is readily constructed and its nontrivial OPE contractions are given by
The currents J + a thus generate an affine current algebra with level k + . As before, if k − = 0, then we can renormalise the fields J − a and thereby eliminate the parameter k − altogether. In the following, we will focus on affine current algebras based on Lie algebras and only on those for which the Killing form κ is non-degenerate. Extending the considerations to superalgebras is straightforward but will not be discussed explicitly.
It is well-known that the Sugawara construction
provides a realisation of the Virasoro (field) algebra with central charge
where h ∨ is the dual Coxeter number of the Lie algebra g. The fields J a are all primary of conformal weight 1 with respect to the Sugawara construction, that is,
With reference to the diagram just above (4.7), we now examine the lower path from g ⊗¯ g via g G to Vir G . The initial map, Gal, is simply the Galilean contraction producing the Galilean affine algebra g G with OPE contractions (4.9). The second map, denoted by Gal Sug, is meant to mimic the usual Sugawara construction (4.10), but applied to all the fields J ± a , not just to J + a . It thus entails constructing a realisation T ± of the Galilean Virasoro algebra Vir G in terms of the Galilean affine generators J ± a . Accordingly, we make the ansatz
Aside from realising (3.17) for some central parameters c ± (to be determined below), it should satisfy 14) and, according to (3.10),
Using standard Lie-algebraic relations such as 16) we find that T ± in (4.13) are given uniquely as 18) and that they generate the Galilean Virasoro algebra Vir G with
We 20) respectively, with corresponding central charges given by
The Galilean contraction comprising the second map in the upper path follows from
and 24) allows us to eliminate k − altogether, as we then have
In fact, this corresponds to basing the lower path in the diagram just above (4.7) on the Galilean affine algebra (4.9) in which k − has been scaled away. Likewise, for k − = 0 in the original affine Lie algebra, one merely constructs T ± as in (4.13) using (4.9) with k − = 0.
On the existence of A G
In the computation of the series expansion (4.22) of T + in powers of , one encounters a cancellation of contributions proportional to 1 . Without this cancellation, the limit T + of T + , as → 0, would simply not exist. This points to a general and fundamental property: The existence of a Galilean counterpart, A G , to the OPA A presupposes that the coefficients in A conspire appropriately. A priori, there is no guarantee that a given OPA A admits a Galilean contraction resulting in A G . Here, we will explore the conditions on A imposed by the requirement that A G exists. In the process, we find general expressions for the structure constants of A G in terms of those of A.
Most of the conformal OPAs of our interest in Section 6 correspond to W -algebras generated by the Virasoro field T and a finite linearly independent set of primary fields P of integer conformal weights greater than 2. We will assume 'non-degeneracy' of this set of generators in the sense that the corresponding matrix (f P,P ), see (2.5), is non-degenerate for generic central parameters. This allows us to choose a canonical normalisation of the generators. In the series of W n algebras, for example, the matrix (f P,P ) is diagonal and the central charge c is the sole central parameter. In these models, it is thus standard to normalise the generators such that f P,P = c/∆ P . For generic c, this is equivalent to requiring that [P P ] 2∆ P −2 = 2T ; in fact, this fixes the normalisation even for c = 0.
Let us now assume that [AB] n in the OPE contraction (2.6) contains the normal-ordered product (CD) of the two non-composite fields C and D, that (CD) is linearly independent of all other terms in [AB] n , and that (CD) appears with coefficient φ(c): a function of the central charge. The fields C and D may involve linear combinations of derivatives of fields, as long as the ensuing expressions for C and D do not depend on c. Then, [AB] + n, and [AB] − n, will contain the corresponding terms
respectively. Let us further assume that φ(c) factorises as
for some γ, λ i ∈ C and α i ∈ 1 2 Z, i = 1, . . . , k, where k ∈ N 0 . This is indeed the case in all the W -algebras considered in Section 6. Using
we then find that, for generic central charges, the limit → 0 is only well-defined if
However, in the latter case, the coefficients vanish. More generally, if [AB] n contains the term φ(c)(C 1 . . . C ), which is linearly independent of the other terms in [AB] n and where C 1 , . . . , C are non-composite (but may involve derivatives), then
or k i=1 α i < − for the limit → 0 to be well-defined. Moreover, one of the conditions in (5.7) must be satisfied for the limit to produce a non-vanishing term out of φ(c) (C 1 . . . C ) .
If the contraction prescription is well-defined, then the limits of (5. Note that these expressions only make sense if
a condition we shall therefore assume here and in Section 6 and Appendix A. Absorbing the c − -dependence as in (3.27), by introducing
the terms (5.8) and (5.9) become
respectively. In [AB] − n , on the other hand, the only term generated from (5.2) is 14) and this only occurs if
α i = − , the contribution simply vanishes. Note that the factor of c − in (5.14) will be absorbed on the lefthand side of the OPE contraction if we consider
We conclude this section by observing that if the contraction prescription on the quasi-primary field Q with coefficient φ(c) is well-defined, then it is well-defined on the entire conformal tail {Q}. This follows readily from the c-independent linearity of the terms in the definition (2.68) of {Q}, and the fact that the analysis above is unaffected by the inclusion of derivatives.
Galilean contractions of W -algebras
In the following, we apply the Galilean contraction prescription to a variety of known W -algebras. Details on some of the ensuing Galilean W -algebras are deferred to Appendix B.
Quasi-primary fields in the Galilean conformal algebra
As discussed in Section 3.2, the field T + ∈ Vir G generates a Virasoro subalgebra of the Galilean conformal algebra. A field Q ∈ Vir G is accordingly quasi-primary with respect to
where ∆ Q is the corresponding conformal weight. We denote by Q Vir G the set of quasi-primary fields in Vir G . Examples of elements of Q Vir G are easily constructed: simply replace T by T + in the explicit expressions Λ a,b,... in Section 2.3. However, according to Section 5, as the result of a Galilean contraction, we should only expect to encounter quasi-primary fields with at most one T + generator in each of their normal-ordered products, see (5.12)-(5.14). Before discussing these quasi-primary fields explicitly, let us extend some of the elements of the analysis in Section 2.3 to the Galilean conformal algebra Vir G . We thus define the Galilean Virasoro Verma module of highest weight 0 as the module generated by the free action of Vir G on the highest-weight state |0 satisfying
This module has a submodule generated from the vector L
we see that L − −1 |0 is an element of this submodule. The corresponding quotient module, N , is Z + -graded,
and its conformal character is given by The adaptation to Vir G of the decomposition (2.26) is given by
where
For small n, these dimensions are given by
(6.9)
In terms of fields, the decomposition (6.4) reads
where (Vir G ) n consists of the descendant fields of the identity, of conformal weight n. The field version of the decomposition (6.7) can then be expressed as
where (Q Vir G ) n ⊂ Q Vir G denotes the set of quasi-primary fields of conformal weight n. By construction,
For ease of reference, we now list bases for the linear spans of the quasi-primary fields that contain at most one copy of T + in each of their terms and have conformal weight between 4 and 6. In our notationΛ a,b,... ± for quasi-primary fields in Q Vir G , a + indicates that T + appears in at least one of the terms, whereas a − indicates that the quasi-primary field is built using T − only. Of weight 4, we thus haveΛ
Of weight 5, we haveΛ 2 ,2
(6.14)
Of weight 6, we haveΛ
As an aside, we note that dim N 6 − dim M 6 = 5. As we have only listed four linearly independent quasi-primary fields of conformal weight 6, this suggests that there exists a unique (up to normalisation) weight-6 quasi-primary field involving T − and containing a term with more than one factor of T + . Indeed, this field is given bŷ Λ 2,2,2
For any A in an OPA A, we note the field identity (
In any Galilean conformal OPA, we thus have the identities (
Generalising the discussion at the end of Section 2.3 to a Galilean conformal OPA A G , we now consider quasi-primary fields built from normal-ordered products of T ± and A ± , where A is a primary field of conformal weight ∆ in A. In addition to the primary fields A + and A − of conformal weight ∆, we thus find that the following fields are quasi-primary with respect to T + :
Galilean W 3 algebra
The W 3 algebra [1] is generated by a Virasoro field T and an even primary field W of conformal weight 3. The corresponding star products are
where the quasi-primary field Λ 2,2 is given in (2.37). The vacuum module is generated from the highestweight vector |0 subject to 35) and its Virasoro character is given by
This conformal OPA is readily seen to respect the conditions, outlined in Section 5, for admitting a Galilean contraction. Indeed, the only term preventing the OPA from being simply-extended is the composite quasi-primary field Λ 2,2 = (T T ) − 3 10 ∂ 2 T , whose terms have = 2 and = 1, respectively, multiplied by φ(c) = 32 22+5c satisfying i α i = −1. We thus find that the Galilean W 3 algebra is generated by the fields {T + , W + , T − , W − }, and that their nontrivial star products are given by ± are given in (6.13). We have verified that the star relations (6.37)-(6.39) indeed define an associative OPA.
We conclude this subsection by noting that the Galilean W 3 algebra discussed above is not the only possible extension of the Galilean Virasoro algebra Vir G by a pair of primary fields of conformal weight 3. For example, letting the nonzero star products of the fields {T ± , W ± } be defined by .40) and
yields a well-defined OPA, where {T ± } generates a Galilean Virasoro subalgebra with c − = 0.
Galilean W (2, 4) algebra
The W (2, 4) algebra [92, 93] is generated by a Virasoro field T and an even primary field W of conformal weight 4. The corresponding star relations are where the quasi-primary fields Λ 2,2 , Λ 2,2,2 and Λ 2 ,2 are given in (2.37) and (2.44)-(2.45), while Λ 2,4 follows from (2.58) and is given by
The structure constants in (6.43) are given by The vacuum module is generated from the highest-weight vector |0 subject to 47) and its Virasoro character is given by
As in the case of the W 3 algebra in Section 6.2, this conformal OPA is seen to admit a Galilean contraction. We thus find that the Galilean W (2, 4) algebra is generated by the fields {T + , W + , T − , W − }, and that their nontrivial star products are given by 
− }, (6.50)
are given in (6.13) and (6.15)-(6.17), whilê
follow from (6.20) and (6.27). We have verified that these star relations indeed define an associative OPA. We conclude this subsection by noting that the Galilean W (2, 4) algebra discussed above is not the only possible extension of the Galilean Virasoro algebra Vir G by a pair of primary fields of conformal weight 4. For example, letting the nonzero star products of the fields {T ± , W ± } be defined by
and
− }, (6.54)
where σ 1 , σ 2 , σ 3 ∈ C, yields a well-defined OPA, where {T ± } generates a Galilean Virasoro subalgebra with c − = 0.
More Galilean W -algebras
The W -algebras W (2, 6), W 4 and W 5 are reviewed in Appendix A; their Galilean counterparts are given in Appendix B. Although these Galilean W -algebras are straightforward to work out following Section 3 and Section 5, the computations are lengthy and the results rather involved. In each of the three cases, we have verified explicitly that the corresponding OPA is indeed associative. One can also apply Galilean contractions to infinitely generated W -algebras. For example, the algebra W ∞ [94] contains a field, V i , of each conformal weight ∆ V i = i + 2, where i ∈ N 0 . The field V 0 generates a Virasoro subalgebra, and all other fields are primary fields with respect to V 0 . The following expressions for the mode algebra are taken from [6] : 56) where the structure constants g ij 2 (m, n) are independent of c, while
The
where the structure constantsg ij are the mode-label independent versions of g ij 2 (m, n). This algebra is readily seen to be simply-extended, and its Galilean counterpart, (W ∞ ) G , is generated by the fields {V i,± }, with nontrivial star relations given by
This Galilean algebra has also appeared in [60] . Other examples of infinitely generated W -algebras are the W 1+∞ algebra [95] , various supersymmetric extensions of W ∞ , see [96] [97] [98] , and a family of nonlinear W ∞ algebras [99] . More recent examples, with applications to higher-spin theory, are discussed in [100, 101] . We have not explicitly calculated Galilean contractions of these algebras.
Discussion
We have developed a general Galilean contraction prescription of OPAs. It yields nontrivial extensions of known symmetry algebras, including W -algebras. The results generalise and, where possible, match the ones found in the literature, obtained using a similar contraction but in terms of mode algebras. In particular, several new Galilean W -algebras have been constructed, providing evidence for the existence of a whole new class of such algebras. Compatibility between Galilean contractions and certain other operations on OPAs has also been demonstrated.
We have explored what is required of an OPA for it to admit a Galilean contraction. Thus, assuming that all OPAs do admit a Galilean contraction, these results have significant implications for the possible structure constants a W -algebra can have. Indeed, under certain simple and rather non-restrictive assumptions about the dependence of the structure constants on the central charge (assumptions satisfied by all the W -algebras we have considered), we have determined very concrete conditions these structure constants must satisfy. Expecting universal applicability of the Galilean contraction prescription, we accordingly conjecture that these conditions must be respected by all W -algebras defined for generic central charge. The structure constants in the corresponding Galilean W -algebras have been characterised explicitly, allowing us to construct subsequently the new Galilean W -algebras mentioned above.
We note that the Takiff algebra [102] , see also [103] , associated to an affine Lie (super)algebra is equivalent to the corresponding Galilean affine algebra discussed in Section 4.3. The generalised Sugawara construction of the generator T + of the Virasoro algebra of Vir G also appeared in [102] , whereas the similar construction of the generator T − appears to be new. Extensions of the Takiff construction to W -algebras were not addressed in [102] .
Due to their central role in a raft of applications, free-field realisations are ubiquitous in conformal field theory, see [6, 7, 22, 66, 67, [104] [105] [106] [107] [108] [109] [110] [111] and references therein. It is therefore of great interest to determine to what extent free fields can be utilised when Galilean conformal symmetries are present. Work in this direction has recently been undertaken [50, 55, 77] , constructing free-field realisations of the Galilean Virasoro algebra and some of its superconformal extensions. It would be very interesting to perform a systematic analysis of the various Galilean algebras in terms of free fields, and we hope to return with a discussion of this elsewhere.
As discussed in [112] , the Galilean contraction prescription can be generalised from tensor products of pairs of identical OPAs (up to their central parameters) to higher-order tensor products. For each OPA (or equivalently, each VOA) admitting a Galilean contraction, this generalisation gives rise to an infinite hierarchy of higher-order Galilean algebras, naturally termed higher-order Galilean conformal algebras and, more specifically, higher-order Galilean W -algebras. 
A W -algebras
In this appendix, we present the defining star relations for the W -algebras W (2, 6), W 4 and W 5 . Since all generators are even in these algebras, it must hold that ∆ A + ∆ B − ∆ Q ∈ 2N for C Q A,B = 0. The structure constants are related in various ways, for example by [73, 113] 
but it is beyond the scope of the present work to discuss these relations more generally.
A.1 W (2, 6) algebra
The W (2, 6) algebra [92, 114] is generated by a Virasoro field T and an even primary field W of conformal weight 6. The corresponding star relations are 
follow from (2.58)-(2.61). The structure constants are given by The vacuum module is generated from the highest-weight vector |0 subject to 9) and its Virasoro character is given by
The W 4 algebra [73, 115, 116] is generated by the following even fields: the Virasoro field T , a primary field W of conformal weight 3, and a primary field U of conformal weight 4. The nontrivial star relations are
where Λ 2,2 , Λ 2,2,2 and Λ 2 ,2 are given in (2.37) and (2.44)-(2.45);
follow from (2.58) and (2.59); while
The structure constants are given by The vacuum module is generated from the highest-weight vector |0 subject to 20) and its Virasoro character is given by
The W 5 algebra [113, 116] is generated by the Virasoro field T and the three even primary fields W , U and V of conformal weight 3, 4 and 5, respectively. The nontrivial star relations are where Λ 2,2 , Λ 2,2,2 , Λ 2 ,2 , Λ 2,2,2,2 , Λ 2 ,2,2 and Λ 2 ,2 are given in (2.37), (2.44)-(2.45) and (2.49)-(2.51);
follow from (2.58)-(2.64); while
The structure constants are given by 
The vacuum module is generated from the highest-weight vector |0 subject to 35) and its Virasoro character is given by 
B Galilean W -algebras
In this appendix, we present the Galilean contracted algebras constructed from the W -algebras discussed in Appendix A. The results are presented using star relations, and we have verified that the ensuing algebras are indeed associative OPAs. Supplementing the discussion of the Galilean Virasoro algebra in Section 6.1, the following quasi-primary fields are used in the decomposition of some of the star products: 
B.1 Galilean W (2, 6) algebra
The Galilean W (2, 6) algebra (W (2, 6)) G is generated by the fields {T + , W + , T − , W − }. The fields {T + , T − } generate a subalgebra isomorphic to Vir G , while {W + , W − } are primary fields of conformal weight 6 with respect to the Virasoro generator T + . The nontrivial star products not involving T + nor 
B.2 Galilean W 4 algebra
The Galilean W 4 algebra (W 4 ) G is generated by the fields {T + , W + , U + , T − , W − , U − }. The fields {T + , T − } generate a subalgebra isomorphic to Vir G , while {W + , W − } and {U + , U − } are primary fields of conformal weight 3 and 4 with respect to the Virasoro generator T + . The nontrivial star products not involving T + nor T − are given by 
